A novel algorithm to track the columnar front in one-(1D) and twodimensional (2D) solidification problems has been developed and coupled with the governing equations of a deterministic model to predict the columnarto-equiaxed transition (CET). The new algorithm, inspired by the cellular automaton (CA) technique, requires a CA mesh as coarse as that for the numerical solution of the governing equations. Front positions predicted with the new algorithm during transient and steady-state growth under given 1D and 2D temperature fields matched the results from analytical solutions. The time evolution of the columnar front agreed well with the published results for the 1D and 2D solidification of an Al-3(wt%) Cu alloy. Some discrepancy observed in the CET position was attributed to the different implementation of the columnar front blocking criterion and to the nonisothermal character of the front line.
Introduction
The columnar-to-equiaxed transition (CET) frequently observed in the grain structure of as-cast metals has been investigated both experimentally and theoretically in the past decades. It is now accepted that the transition occurs by different mechanisms when equiaxed grains block the growth of columnar grains [1, 2] . An analytical mathematical model of the CET was first proposed by Hunt [3] for unidirectional solidification under steady-state conditions. In this model, equiaxed grains nucleate at a temperature equal to or lower than the liquidus temperature and grow in the constitutional undercooled zone ahead of the growing columnar front. The front is blocked, i.e. the CET occurs, when the fraction of equiaxed grains becomes larger than 0.49. This assumption was referred to as the 'mechanical' blocking criterion [4] . According to Hunt's model [3] , an increased columnar front velocity, which corresponds to a larger front undercooling, establishes more favourable conditions for the growth of equiaxed grains and consequently for the front blocking, i.e. the CET.
Mathematical models following Hunt [3] have been identified as either stochastic, if some random variable is used in its implementation, or deterministic, otherwise. Deterministic models evolved from Hunt's [3] model by adopting an improved dendrite growth equation [5, 6] and transient conditions in one dimension [7, 8] , requiring numerical techniques to solve the governing equations. The columnar front position was tracked by the following equation:
where t is the time step of the numerical method, x t+ t col and x t col are the front positions at time t + t and t, respectively, and V is the front velocity, calculated by a dendrite growth equation as a function of the front temperature at time t. The CET occurred when the mechanical blocking criterion had been fulfilled.
Wang and Beckermann [9] used the concept of dendrite envelopes to represent both equiaxed and columnar grains, developing a model of the CET in unidirectional transient solidification. The complete model consisted of a columnar front tracking algorithm based on equation (1) and a unique set of differential equations equally valid in both the columnar and the equiaxed grain regions. The mechanical blocking criterion was again used to predict the CET. Later, Martorano et al [4] removed the mechanical blocking criterion by considering the interactions between the solute fields of columnar and equiaxed grains.
Columnar front tracking algorithms play a key role in deterministic models of the CET. Although equation (1) can be readily used to track the front in unidirectional models, its extension to multidimensional solidification is not trivial, justifying the limited number of deterministic models of the CET in two and three dimensions. For two-dimensional solidification, Wang and Beckermann [9] assumed that the two-dimensional columnar front was completely located on a single isotherm and used an extension of equation (1) to track only one point of the front.
M'Hamdi et al [10] modelled the heat transfer and columnar growth in two dimensions in the continuous casting of multicomponent steel billets. An algorithm was proposed to calculate, at steady-state, the position of the columnar front, which had to be described by a continuous function of the radial distance of the billet, restricting the algorithm applications. The calculated columnar front shape was a result of the strand movement and the growth kinetics of the columnar dendrites, assumed to be perpendicular to the billet surface. This columnar front tracking algorithm was finally combined with an equiaxed solidification model to predict the CET in the continuous casting process [10] . To complete the model and predict the CET, a mechanical blocking criterion was defined by considering that, when the fraction of equiaxed grains reached one, they would block the columnar front. This blocking fraction, which was defined arbitrarily, is larger than the 0.49 (also arbitrary) adopted by many authors [3, 8, 9, 11] . The calculated position of the CET was not compared with experimental results. Jacot et al [11] developed an algorithm to track a nonisothermal columnar front for the two-dimensional eutectic solidification of cast irons. This algorithm, based on the volumeof-fluid (VOF) method proposed to track free surfaces in fluid dynamics problems [12, 13] , approximated the columnar front by piecewise linear segments that were orthogonal to the local temperature gradient. The algorithm succeeded in maintaining the circular shape of a columnar front moving inwards from the perimeter of a cylindrical mould.
Browne and Hunt [14] proposed a method to track the columnar front or the interface between the envelope of an equiaxed grain and the external liquid in two dimensions. The algorithm was based on the idea of the Marker-and-cell technique (MAC) [15] , in which massless marker particles are assumed to be located at the front. The front was completely determined by piecewise linear segments joining the particles, which moved in the front normal direction with the dendrite tip velocity. Although the columnar front could be formed by columnar dendrites of different crystallographic orientations and consequently different growth velocities in the front normal direction, each particle velocity was only a function of the local undercooling. In other words, the crystallographic orientation of the columnar dendrites was not treated in the model and its effect was expected to be negligible when predicting the position of the columnar front, as justified by Browne [16] .
The algorithm was fully coupled with the numerical solution to the heat conduction equation. The complete model was then used to predict the columnar solidification of a binary Al-2(wt %)Cu alloy in a two-dimensional square cavity [14] , showing a symmetrical columnar front that moved from the domain boundary into the cavity centre. The columnar front was not isothermal, but its deviation from an isotherm shape was negligible compared with the length scale of the cavity. Browne [16] , using this method to solve a similar problem, showed that the average front undercooling was 0.83 K and the local undercooling changed less than 4.8% along the front line. Since the algorithm was used to model either the columnar or the equiaxed solidification problem without solving them simultaneously, the position of the CET was not predicted. This columnar front tracking method has recently been applied to a solidification model including natural convection in the liquid phase [17] .
Ludwig and Wu [18] developed a deterministic model of the CET that can be applied to two-or three-dimensional problems considering convection of the liquid and the movement of the equiaxed grains. Three different pseudo-phases were assumed: liquid, equiaxed and columnar. The columnar front was tracked by a Eulerian method, as opposed to the previously described algorithms, which adopted Lagrangian methods. In this Eulerian method, the mesh of volumes used to solve the conservation equations of the model was also used to store information about the size of the columnar front within each volume. When this size outgrew approximately the volume size, the columnar front was considered to enter all neighbouring volumes, advancing the front position. The columnar front was assumed to grow parallel to the local heat flow direction and, as in previous models, no growth-preferred crystallographic orientation was considered. Finally, the CET was predicted by considering that the columnar front would be blocked either when the fraction of the equiaxed phase reached 0.49 at the front or when the columnar front velocity vanished, causing the solutal or 'soft' blocking studied by Martorano et al [4] . Results of the model predicted the CET at the bottom of an Fe-0.34 (wt %) C alloy as a result of the settling of equiaxed grains.
In contrast with deterministic models, stochastic models of the CET track the growth of each columnar and equiaxed grain, rather than the columnar front alone. As a result, they predict the detailed grain structure (including a possible CET) in two-and three-dimensional solidification. Their major drawback, however, is the highly refined mesh necessary to resolve all grains, usually demanding larger computational resources.
Following the earlier development of stochastic models for solidification [19, 20] , Gandin and Rappaz [21] proposed the CAFE model, which is a combination of the cellular automaton (CA) technique to predict the grain structure and the finite element (FE) method to calculated the temperature field. In the CA technique, a mesh of sites was distributed over the calculation domain and each site was associated with a rectangular cell representing a part of a dendrite envelope. The CAFE model, which successfully predicted two-dimensional grain structures [22] , was extended to three-dimensional problems [23] .
Modified CA models that resolved not only grain envelopes, as in the original CA, but also dendrite arms [24, 25] were developed, increasing the required number of CA sites and computational resources. Images of detailed dendrite arms and grains, which were some of the results of these models, agreed well with experimental micrographs. Very recently, Dong and Lee [26] proposed a modified CA model of the CET in unidirectional solidification, showing that equiaxed grains nucleated not only ahead, but also between the columnar grains. Very recently, Badillo and Beckermann [27] implemented a phase-field model to predict the CET, showing details of the transition mechanism.
A large number of CA sites and mesh nodes are necessary to resolve the grain structure and predict the CET in the original and modified CA models, as well as in the phase-field model. When only the CET is needed, deterministic models are more efficient because of the coarser meshes adopted. The lack of efficient columnar front tracking algorithms, however, has limited the extension of the deterministic models to predict the CET in two-and threedimensions.
The main purpose of the present study is to propose a novel columnar front tracking algorithm that is coupled with a two-dimensional deterministic model of solidification to predict the CET. The main feature of the complete model is its ability to predict the CET in two dimensions (with possible extension to three-dimensions) and still maintain the characteristics of a deterministic model. The columnar front tracking algorithm is inspired on the original CA algorithm proposed by Gandin and Rappaz [21] and is designed to outline only the columnar front, rather than each grain envelope. Consequently, the CET can be predicted with a CA site mesh as coarse as the numerical mesh used to solve the differential conservation equations, eliminating the fine mesh constraint of the original CA.
First, a general description of the proposed mathematical model is given in section 2, followed by a presentation of the deterministic model (section 3) and of the new front tracking algorithm (section 4). In section 5, the ability of the new algorithm to track the columnar front is examined. Finally, in section 6, the complete model is used to predict the CET in one-(1D) and two-dimensional (2D) problems and its results are compared with those from another determinist model [9] and those from an implementation of the original CA model [23] .
General description of the mathematical model
The mathematical model described in the presented work consists of a deterministic model coupled with a newly developed columnar front tracking algorithm to solve solidification problems in two dimensions. The unknowns to the mathematical problem, are the temperature, the volume fraction and composition of the system phases, as well as the position of the columnar front. At the end of a simulation, the position of the CET in two dimensions is also given by the model, indicating the regions of the domains in which grains are either columnar or equiaxed. The two main parts of this model are described in the next two sections.
Deterministic model
The deterministic model for the solidification of binary alloys proposed by Wang and Beckermann [9] is one part of the present model and was coupled with the front tracking algorithm described in section 4. In this deterministic model, a dendrite envelope is defined as an imaginary surface touching the tips of primary and secondary dendrite arms. Each envelope outlines a columnar primary arm and its ramifications or an equiaxed grain. Three pseudophases are identified: solid (s), interdendritic liquid (d), and extradendritic liquid (l). The interdendritic and extradendritic liquid phases are the liquid inside and outside the dendrite envelopes, respectively.
The governing equations of the deterministic model were derived from the principles of mass, species, and energy conservation considering the following assumptions [4, 9] : (a) melt flow, movement of solid, solute diffusion in the solid, and macroscopic diffusion in the liquid are negligible; (b) the temperature is uniform inside a representative elementary volume possibly containing the three pseudo-phases; (c) the specific heats, c p , and the densities, ρ, of the pseudo-phases are equal and constant; (d) the thermal conductivity, κ, is calculated from κ = ε s κ s + (ε d + ε l )κ l , where ε represents the volume fraction and the subscripts indicate the pseudo-phase; and (e) the solute concentration in the interdendritic liquid, C d , is uniform within the representative elementary volume and is related to the temperature T by the liquidus line of the phase diagram as follows:
where T f is the melting point of the pure metal and m l is the slope of the liquidus line.
The final governing equations of the model are [4, 9] ρc P ∂T ∂t
where C is the solute concentration; t is time; x and y are the spatial coordinates in a rectangular system; L f is the latent heat of fusion; k is the solute partition coefficient; D l is the diffusion coefficient of solute in the extradendritic liquid; ε g is the volume fraction of grain envelopes, defined as ε g = ε s + ε d = 1 − ε l ; δ e is an effective diffusion length for solute transport between dendrite envelopes and the extradendritic liquid; S e is the surface area of grain envelopes per unit volume; and V is the radial growth velocity of the cylindrical columnar and the spherical equiaxed envelopes. This velocity is calculated by the Lipton-Glicksmann-Kurz (LGK) model [4, 9, 28 ]
where is the Gibbs-Thomson coefficient and is a dimensionless undercooling defined as
The envelope surface area concentration, S e , is calculated as given below [4, 9] :
where R f is a characteristic spacing between dendrite envelopes, defined as
for equiaxed grains and R f = λ 1 /2 for columnar grains. In these equations n is the number density of equiaxed grains and λ 1 is the dendrite primary arm spacing within the columnar grains. The columnar front tracking algorithm described in the next section was used to identify the type of grain structure (columnar or equiaxed) prevailing at any location and therefore determining the correct equation for R f .
The effective diffusion length for solute transport, δ e , is given by [4] 
for a Peclét number, P e = V R e /D l > 10 −5 , or by
for P e < 10 −5 , where the instantaneous envelope radius, R e , is calculated as follows
and I v is the Ivantsov function [29] . For the deterministic model, all equiaxed grains are assumed to nucleate at a local undercooling T N in relation to the liquidus temperature, implying that an instantaneous nucleation model is used. In the present work, both columnar and equiaxed grains nucleated at the liquidus temperature ( T N = 0).
When the calculated local temperature, T , reaches the eutectic temperature, T E , the eutectic reaction begins locally and the energy conservation equation (equation (3)) is used to calculate the solid fraction, ε s , rather than T . During the eutectic, T is held constant at T E until ε s = 1, which determines the end of solidification. Thereafter, equation (3) becomes the heat conduction equation without phase change.
The system of six coupled equations (equations (2)- (7)) and the supplementary relations (equations (8)- (13)) were solved numerically to calculate the six unknowns, namely, T , ε s , ε d , ε l , C d and C l using the implicit formulation of the finite volume method [30] , as described by Martorano et al [4] . To discretize the differential equations, the calculation domain was subdivided into a two-dimensional mesh of rectangular finite volumes with internal centred nodes. The fields of the six unknowns obtained after each time step were used by the columnar front tracking algorithm presented in the next section to determine the front nucleation, the growth velocity, and the blocking by equiaxed grains.
Columnar front tracking algorithm
As a second part of the present model, a new algorithm to track the columnar front in two dimensions was developed and coupled with the deterministic model described in the previous section. The main result of this algorithm is an outline of the unknown columnar front position as a function of time during a two-dimensional solidification. It is inspired by the original CA [21] , but is new because it tracks the columnar front without resolving each grain envelope. Therefore, the mesh of CA sites can be as coarse as that of the finite volumes used to solve the equations of the deterministic model.
In the present algorithm, a mesh of CA sites not necessarily coinciding with the finite volume nodes is uniformly distributed in the calculation domain. Every CA site is at one of four possible states: (a) inactive-liquid, representing a completely liquid region; (b) active, representing the columnar front line; (c) inactive-columnar, representing the interior of the columnar zone; and (d) blocked, representing an equiaxed grain zone. The sites are initially inactive, i.e. located in a completely liquid region, but can be activated by nucleation or growth to become columnar (sections 4.2 and 4.3), i.e. active, or can be blocked by the deterministic model to become equiaxed (section 4.4). When none of the four (six in three dimensions) neighbour sites of an active site is liquid (inactive), its state is changed into inactive-columnar. As usually assumed in deterministic models of the CET [9, 11, 14, 16, 31] , the nucleation of columnar grains occurs only at mould walls. Hence, only sites adjacent to mould walls can be activated by nucleation, whereas the remaining sites can only be activated by growth.
Coupling between deterministic model and front tracking algorithm
A mutual coupling exists between the deterministic model and the columnar front tracking algorithm. The tracking algorithm indicates to the deterministic model that a finite volume consists of only columnar grains when at least half of the sites within the volume are columnar (active or inactive). Then the expression of R f for columnar envelopes (given in section 3) is used in the deterministic model; otherwise, that for equiaxed envelopes is adopted regardless of any other possible state of the sites within the volume. In the other coupling direction, the deterministic model gives to the front tracking algorithm the temperature T and grain fraction ε g (=ε s + ε d ) fields after solving equations (2)-(7). These two fields are then interpolated from the nodes of the finite volume mesh to the position of the CA sites and cell faces to determine the moment of site activation (front nucleation) at mould walls, the growth velocity of active growing cells (front velocity) and whether a liquid (inactive) site changes into an equiaxed site (blocked), blocking the advance of the columnar front. The use of the fields calculated with the deterministic model to determine the activation and blocking of cell sites and the time evolution of cell sizes establishes a link between the equations given in section 3 and the front tracking algorithm. Further details concerning the front tracking algorithm and its coupling to the deterministic model are presented next.
Columnar front nucleation
The nucleation of columnar grains occurs by the activation of sites adjacent to mould walls when the site temperature (interpolated from the temperature field calculated by the deterministic model) decreases below the nucleation temperature, which was assumed to be the liquidus temperature ( T N = 0). To activate a site by nucleation, a square (CA cell) centred at the site position and of size 10 −12 times the distance between CA sites is created. In the original CA, the orientation of this new cell represents the grain crystallographic orientation and is chosen randomly at the moment of nucleation, remaining constant thereafter. In the present model, however, it may change with time as explained in the next section.
Columnar front growth
The cell associated with an active site is assumed to outline the columnar front, since one of the cell faces coincides with the front line. A schematic view of the active growing cells, the columnar and equiaxed grain structure during the solidification from the left hand and bottom walls of a square cavity are shown in figure 1(a) . Details of a cell site position and orientation relative to the local temperature gradient are given in figure 1(b) . To simulate the front growth after a time step, the four orthogonal distances (cell segments) between the cell faces and the site (magnitude of the four segments L i in figure 1(b) ) are updated by the following equation: 
Note that this undercooling is used to calculate the advance of the columnar front and is defined relative to the initial concentration, C 0 , while the undercooling given by equation (9), used to calculate the radial growth velocity of the envelopes of the deterministic model, is defined relative to C l . Moreover, in equations (8) and (15) C d is calculated from equation (2) using the temperature T at time t. This temperature is obtained with the deterministic model and interpolated at each cell face, rather than at the site position (as in the original CA), to calculate a different velocity for each cell segment. This modification improves the accuracy of the growth algorithm in order to compensate for using coarser CA meshes and smoothes the columnar front growth, as will be shown later.
After growth, a segment amplitude L i is truncated when it becomes larger than 1.5 times the distance between two CA sites, because, beyond this size, it will no longer activate new sites and advance the columnar front.
Before growing according to the aforementioned steps, a cell associated with an active (columnar) site must be oriented first. In the present work, one of the four segments of the cell ( L 0 was arbitrarily chosen) is assumed to be parallel to the temperature gradient calculated at the site position ( figure 1(b) ). This gradient is approximated by central finite differences of temperature values at finite volume nodes. The evolution of the columnar front was observed to be very sensitive to the numerical approximation scheme chosen for the temperature gradient at the site.
Note that the orientation of active cells changes with the temperature field after each time step, as opposed to the original CA, in which the orientation of a cell was fixed from its nucleation. Consequently, any information about the columnar grain structure and its crystallographic orientation is completely lost. Nevertheless, fewer CA sites are needed to track the columnar front than the original CA model, representing an important advantage of the present algorithm.
When the cell faces are assumed to be perpendicular to the temperature gradient, as in the present work, the trunks of columnar dendrites are considered to be parallel to the heat flow direction. This is not generally true, because the crystallographic orientation of any fixed grain is defined at nucleation. After nucleation of columnar grains, however, competitive growth occurs and only those whose preferred growth orientation is more closely aligned with the heat flow direction will survive. Given sufficient time for this competition, the columnar front will be formed by the tips of the primary dendrite arms that are closely aligned with the heat flow or temperature gradient direction, as assumed in the present work. The existing misorientation between the primary arms and the temperature gradient is probably relatively small and can be neglected for the prediction of the position of the columnar front, as explained in detail by Browne [16] . Finally, it should be mentioned that the assumption of columnar grains oriented parallel to the local temperature gradient (or heat flow direction) has also been adopted in several successful front tracking models [9, 11] .
During growth, active cells may activate the four nearest neighbour sites (six in three dimensions) if they are still liquid (inactive), turning them into columnar front sites (active). During growth from time t to t + t, a cell of a site located at P s (figure 2) will activate a liquid neighbour site at P n when two consecutive L segments, identified as L i and L i+1 , satisfy the following conditions at time
where i = 0, 1, 2 or 3 indicates the four cell segments (indexed clockwise). The dots indicate the usual internal product between vectors. Shown in figure 2 is the growth of a cell during a time step t, activating a neighbour site at P n , because L 0 and L 1 satisfy equations (16) and (17), respectively. Then a new cell, initially of the same orientation as that of the activating cell at P s , is associated with the newly activated site at P n . In most cases, only one of two possible faces of the cell at P s activates the neighbour site at P n . This face segment, named L i , satisfies equation (16) at time t + t, but not at t. In figure 2 , the segment of the activating face is L i = L 1 . Finally, the size of the new cell is defined by the magnitudes L n of its four segments, which are calculated as follows
Segments L n i+1 and L n i+3 are calculated exactly as in the original CA algorithm [21] , but segments L n i and L n i+2 are calculated by equation (18) , rather than set to zero as in the original CA. This new calculation makes one face of the new cell coincide with the face of the activating cell at time t + t (figure 2), resulting in a continuous and smooth growth of the columnar front, as shown later. When two faces can be the activating face, one of them is chosen arbitrarily and equations (18)- (20) applied.
Columnar front blocking
The CET occurs when equiaxed grains block the active columnar CA cells, which outline the columnar front. According to the mechanical blocking criterion used in some deterministic models [3, 8, 9, 11] , the columnar front should be blocked when the fraction of equiaxed grains at the front ε g > 0.49. Martorano et al [4] proposed a more physically meaningful method for front blocking based on the solute concentration in the extradendritic liquid, but the finite volume mesh had to be highly refined near the columnar front, complicating the algorithm in two or three dimensions. Consequently, the concept of the mechanical blocking is also adopted in the present algorithm.
Columnar CA cells grow from mould walls and advance the columnar front throughout the domain by activating neighbour sites. Therefore, preventing neighbour sites from being activated blocks the columnar growth. In the present algorithm, when the fraction of grains calculated by the deterministic model at the position of an inactive liquid site is ε g > 0.49, the site is blocked, i.e. defined as equiaxed. The columnar front will never grow through that site position, causing a local CET. If necessary, the ε g value should be interpolated at the site position from the finite volume nodes.
The complete model has been introduced. It should be emphasized that the deterministic model, consisting basically of equations (2)- (7), is solved for six field variables, (T , ε s , ε l , ε d , C d and C l ), some of which, specifically T , C d and ε g (=ε s + ε d ), are interpolated at the CA sites and cell faces to predict columnar front nucleation, growth, and blocking by equiaxed grains.
Analysis of the front tracking algorithm
The complete model proposed in the present work for the prediction of the CET consists of the deterministic model presented in section 3 and the front tracking algorithm described in section 4. Nevertheless, in this section the performance of the columnar front tracking algorithm is examined independently from the deterministic model. In the present section the temperature field is given as a function of time and position, but it should be calculated with the deterministic model (section 3) in the complete version of the proposed model. Initially, the transient to the steady-state of a unidirectional front growth was studied. Next, the front was tracked in a two-dimensional parabolic temperature field.
In order to facilitate analytical solutions to the problems, the following equation (instead of equation (8)) was used to calculate the front velocity in this section
where A and n are constants and T t and T L are the local front temperature and the liquidus temperature, respectively. Note that (T L − T t ) represents the front undercooling. Also, n = 2 was adopted, since it is a reasonable value for Al alloys [3, 32] .
Transient to steady-state
The unidirectional growth of a columnar front during its transient to steady-state was examined. The columnar front nucleated at the mould wall at the liquidus temperature and grew unidirectionally. For a reference system fixed at the mould wall, the linear temperature profile in the system is given by
where G is a constant and uniform temperature gradient; V L is a constant and uniform isotherm velocity that equals the velocity of any isotherm in the system, including the liquidus isotherm; t is time; and x is the distance from the mould wall.
The front temperature T t is given by equation (22) applied at the front position, x = x t . Substituting this temperature in equation (21) leads to the following kinetic equation
(24) For n = 2, the analytical solution to this equation in dimensionless form is
, which is a time scale for the transient period.
The dimensionless front position x * t and its velocity V * calculated with the present front tracking algorithm were in excellent agreement with those from the analytical solution, as shown in figure 3 . The dimensionless time step and dimensionless distance between CA sites for the numerical solution were 3 × 10 −3 and 7 × 10 −2 , respectively. The front position, which changed smoothly with time, was taken as the location of the growing cell face outlining this front (see section 4). In the original CA algorithm, the front would not grow smoothly, because the growth velocity is calculated from the temperature at the site position, rather than at the cell face.
The front velocity V * was initially zero, but increased to one, which is the steady-state and also the liquidus isotherm velocities (V * L ), until t * ≈3 (transient period). Thereafter, at steady-state, the front temperature and its position relative to that of the liquidus isotherm remained constant.
Front shape in two dimensions
The front growth was predicted in a two-dimensional temperature field of parabolic isotherms moving with constant and uniform velocity V L in the x direction. For a moving rectangular coordinate system fixed at the tip of the parabolic liquidus isotherm, this field is given by where G is the directional derivative of temperature in relation to the x direction and R is the radius of curvature at the tip of each parabolic isotherm. At steady-state, the velocity in the x direction at all points of the front is V L . Consequently, its normal velocity is V = V L n x , where
is the x direction component of the local normal vector at the front. These two equations yield the slope of one-half of the symmetrical front as follows,
where x t and y t indicate the front position. The application of equation (27) at the front (x t , y t ) gives its temperature, which can be substituted in equation (21), yielding an expression for the front velocity V . Finally, this expression is substituted in equation (28), resulting in an equation for the front position in dimensionless form
with boundary condition
where
which is the dimensionless size of the undercooled zone at the front tip. Note that this undercooled zone is larger for front points near the tip, because of their larger normal velocity. The zone size also increases for an increasing steady-state velocity V L , as expected. The Euler method was used to solve numerically equations (29) and (30) for β = 1.
This problem was also solved with the present front tracking algorithm assuming that the front nucleated at the middle of the left wall of a square domain and grew to the right as a result of the temperature field given by equation (27) . To guarantee that steady-state growth had been reached, the total simulation time was 10τ , where τ is the time scale determined previously for the transient period.
The results from the present algorithm are given in figure 4 (a). The front position defined by the columnar (active) CA sites is in good agreement with the numerical solution to equation (29) , which gives the exact front shape. As indicated by the liquidus isotherm T L , the undercooled zone is larger near the front tip owing to its larger normal velocity V . Details of the columnar front are also given in figure 4(b) , showing the active CA sites and their associated CA cells outlining the front.
Columnar-to-equiaxed transition
The proposed model, consisting of the front tracking algorithm (section 4) and the deterministic model (section 3), was used to simulate the CET during the solidification of an Al-3 (wt %) Cu alloy. The properties adopted for this alloy were
.89 K and T E = 821.2 K. 1D and 2D solidification problems were simulated, as described below.
CET in 1D solidification
The problem of unidirectional solidification of an Al-3 (wt %) Cu presented by Wang and Beckermann [9] was solved with the present model. The initial temperature was uniform, with a superheat of 20 K. One of the two boundaries of the domain was adiabatic, whereas the other was crossed by a heat flux given by q = h(T − T ∞ ), where the heat transfer coefficient was h = 65 W m −2 K −1 and the reference temperature was T ∞ = 298 K. The number density of equiaxed nuclei was n = 10 5 m −3 , and the spacing between primary dendrite arms of the columnar grains was λ 1 = 5 × 10 −3 m. The finite volume and the CA meshes had 42 nodes and the time step was 1 s. The columnar front position calculated with the model as a function of time was identical with that calculated by Wang and Beckermann [9] until the approximate moment of the CET ( figure 5) . In the present model, however, the CET occurred later. An increase in the number of mesh sites and finite volume nodes from 42 to 1000 caused the CET position to change by only about 2%. The observed difference between the CET positions calculated with the two models is probably a result of the different procedures used to block the columnar front. Wang and Beckermann [9] assumed that the columnar front would be blocked when ε g > 0.49 at the columnar front position. In the present model, on the other hand, ε g is interpolated at the position of inactive liquid sites, rather than at the front. Inactive sites then change to equiaxed when ε g > 0.49, blocking the columnar front.
CET in two-dimensional solidification
The CET was obtained with the present model in the two-dimensional solidification of the Al-3 (wt %) Cu alloy in a square and a rectangular cavity of respective dimensions 0.1 × 0.1 m and 0.05 × 0.1 m. Heat was extracted from the left-hand and bottom walls of the cavity with a heat transfer coefficient h = 65 W m −2 K −1 and a reference temperature T ∞ = 298 K. The top and right-hand walls were adiabatic. The microstructural parameters, i.e. n and λ 1 , were equal to those adopted in the previous 1D case (n = 10 5 m −3 , λ 1 = 5 × 10 −3 m). In the square cavity, a mesh of CA sites and finite volumes equal to 42 × 42 (N CA = N FV ) was adopted with a time step of 0.1 s. Figure 6 The front undercooling in relation to the liquidus temperature (922.89 K) is approximately 1.8 K on average, but is larger by about 0.4 K at the front corner, representing a deviation of ∼22% from the average value. Using a different model, Browne [16] observed a deviation of 4.8% for an Al-2 (wt %) Cu solidifying with only columnar grains in a larger square cavity and subjected to a larger heat transfer coefficient (h). Even though his simulation conditions were different, he also noticed a larger front undercooling at the front corner. In the present work, since the corner moves more rapidly to the top right of the square than other parts of the front, its undercooling is larger, establishing more favourable conditions for the growth of equiaxed grains [3] . Consequently, the front corner is locally blocked by equiaxed grains before any other part of the front line ( figure 6(a)) . A model based on the assumption that the front is isothermal, such as Wang and Beckermann's model [9] , would not predict the locally different blocking times.
Equiaxed grains eventually blocked the whole columnar front, causing the complete CET, as shown in figure 6(b) . Presented in this figure is the front position at different times and the complete CET, which are in reasonable agreement with Wang and Beckermann's [9] results. The present model, however, shows an earlier blocking of the front corner, because the front was not assumed isothermal.
To further verify the CET position calculated with the present model, the square cavity problem was also solved with an implementation of the original CA model proposed by Gandin and Rappaz [23] , using the finite volume method to solve the energy conservation equation. First, the results from the implemented computer code were compared with those presented by Rappaz and Gandin [21, 33] to confirm its correct implementation, showing excellent agreement. Next, instantaneous nucleation was assumed below the liquidus temperature of the alloy, i.e. the grains nucleated just below the liquidus to impose conditions similar to those adopted in the present deterministic model. The growth velocity of the CA cells were calculated by V = 1.86×10 −5 T 3 , where T = T L −T . As in the original CA, two different number densities of grains n were adopted: in the bulk, n b = 10 5 m −3 , which is equal to that used in the deterministic model, and at the mould wall, n w = 2.2 × 10 6 m −2 . The number density of grains at the wall had no effect on the CET position. To carry out a two-dimensional simulation, stereological relations [33] were used to convert n b from a number density in a volume into a number density in an area and n w from a number density in an area into a linear density. The converted values were n b = 2.7 × 10 3 m −2 and n w = 1.7 × 10 3 m −1 . The time step was 0.002 s and the finite volume and CA site meshes were 42 × 42 and 168 × 168, respectively.
The resulting grain structure is given in figure 6(c) , on which the CET positions calculated with both the present model and Wang and Beckermann's model [9] are superimposed. The CET position cannot be exactly defined in the CA structure, but those obtained with both deterministic models approximately separates equiaxed from elongated grains in the structure. In this square cavity problem, a mesh of 42 × 42 CA sites was sufficient to indicate the CET position with the present model, whereas 168 × 168 had to be used in the original CA model. In this original CA model, the grain structure obtained with 42 × 42 CA sites was not properly resolved, revealing an important advantage of the present model.
Analogous results were obtained for the rectangular cavity (figure 7), using N CA = N FV = 21 × 42 and a time step of 0.1 s. The agreement with Wang and Beckermann's [9] results is reasonable, but again, discrepancies at the front corner are observed. As opposed to the symmetrical front growth in the square cavity, the front bottom moves more rapidly than the front left, resulting in a larger bottom undercooling, where an earlier front blocking occurs.
The present model was applied to a further square cavity solidification problem. For this test, the conditions were equal to those in the previous square cavity test, but the heat transfer coefficient was increased to h = 500 W m −2 K −1 , and the number density of equiaxed grains increased to n = 3.8 × 10 6 m −3 . These values are more frequently observed in practical situations. To obtain the solution, the time step was 0.01 s and meshes of N FV = 42 × 42 and N CA = 84 × 84 were adopted. The same problem was also solved with the implemented original CA model using n b = 3.0×10 4 m −2 , n w = 4.2×10 2 m −1 , and meshes N FV = 42×42, N CA = 168 × 168.
In figure 8 , the CET calculated with the present model is superimposed on the grain structure obtained with the CA model. The larger heat transfer coefficient increased the differences in the local velocity and undercooling along the columnar front. As a result, the front corner was blocked much earlier than other front parts, strongly indicating that the columnar front could not be assumed isothermal. The predicted CET position separates more elongated grains from equiaxed grains in the grain structure of the original CA model, as observed in the previous cavity problem.
Concluding remarks
A deterministic model for the prediction of the CET during solidification of binary alloys in two dimensions has been proposed. The model combines a new columnar front tracking algorithm and a set of governing equations from a deterministic model published in the literature [4, 9] . The new front tracking algorithm is based on the CA technique, but it has a new feature; the ability to track two-dimensional columnar fronts using relatively coarse meshes. Furthermore, to predict the CET, it can be readily coupled with existing deterministic models. The new front tracking algorithm is first analysed independently from the deterministic model by considering the front growth under given 1D and 2D temperature fields. Results for the 1D field show a smooth growth in good agreement with a derived analytical solution. Good agreement is also observed between the results from an analytical solution and the calculated steady-state shape of a front grown in a 2D temperature field consisting of moving parabolic isotherms. The complete model (front tracking algorithm and deterministic model) is finally used to predict the CET during the 1D and 2D solidification of an Al-3(wt %) Cu alloy. The time evolution of the columnar front position in both solidification problems agrees very well with Wang and Beckermann's results [9] . Some discrepancy, however, is observed at the CET position: in 1D, the CET occurs later; in 2D, parts of the front line that have a larger undercooling are blocked earlier. The predicted CET in the 2D problems is superimposed on the grain structures calculated with an implemented original CA model [21] , indicating approximately a separation line between equiaxed and more elongated grains.
